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Abstract

In this paper, we investigate the M-projective curvature tensor _j‘}{h in generalized fifth
recurrence Finsler space for Cartan's fourth curvature tensor in sense of Berwald by using
Lie-derivative. Our study aims to provide new insights into the geometric properties of these
spaces and the behavior of the M-projective curvature tensor V_Vjﬁm under Lie differentiation.
By employing the Lie derivative, we are able to derive new identities and relations involving
the M-projective curvature tensor _j‘}m . We get relationships between some tensors when the
M-projective curvature tensor _ﬁm is collineation along a vector field v!(x). Furthermore, we

obtain the Berwald covariant derivative of fifth order for some tensors are vanishing and we
establish various identities on Lie-derivative in GBK — 5RF,.

Keywords. M-projective curvature tensor _j‘}m, Generalized BK —fifth recurrent space,
Berwald covariant derivative of fifth order, Lie-derivative.

1. Introduction and Preliminaries

The study of curvature tensors plays a fundamental role in differential geometry. Among
the various curvature tensors, the projective curvature tensor has been extensively investigated
due to its connections to projective geometry and its applications in physics. In recent years,
there has been a growing interest in generalizing the notion of projective curvature tensor to
obtain new geometric invariants and explore their properties.

In this context, the M-projective curvature tensor emerged as a significant generalization
of the classical projective curvature tensor. This tensor studied in various space-time models
and has possessed interesting properties.

The Lie-derivative in generalized fifth recurrence Finsler space for Carton's fourth
curvature tensor in sense of Berwald introduced by AL-Qashbari and Baleedi [10]. Ali et al.
[6] studied a Lie - derivative of M- projective curvature tensor and established some properties
of this curvature tensor. Further, Gouin [19] introduced some remarks on the Lie-derivative.
Opondo [22] studied the Lie-derivative on W-curvature tensor in recurrent and bi-recurrent
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Finsler space. The Lie-derivative of forms and its application was investigated by authors [20,
23].

The generalized recurrence, birecurrence and trirecurrence properties for various
curvature tensors in sense of Berwald have been discussed by [2, 3, 4, 5, 11, 12, 13, 17, 21].
The generalized recurrent Finsler spaces of higher orders have been studied by [8, 18]. Let us
explore the infinitesimal transformation point given by [10]

(1.1)  xtP=xt+vi(x)e .

Where ¢ is an infinitesimal point constant and v (x) is acontravariant vector field independent
of directional arguments and dependent on positional coordinates x* only, also v‘(x) # 0.
Infinitesimal method is a tool that leads to Lie-derivatives. The symbol L,, denote the Lie-
differentiation operator with respect to the transformation (1.1). The Lie - derivative of a vector
field x* in sense of Berwald is given by

(12)  Lyx'=v/Bjxi —x/Bjvi + (0; x)Bsv/yS .

The Lie - derivative of a general mixed tensor field Tji (x, x) expressed in the form

(1.3)  LyTjip = v™ B Tjin-TienBmv" + ThgnBjv™

+ TfnBiv™ + T Bnv™ + O T Brv™y" .
The vector y! is Lie-invariant i.e.

(1-4) Ly, yi = V.

The metric tensor g;; and the Kronecker delta 6}l are given by [1, 16]

(15) ) gijy' =i, b) 6; =n, c) gijg* =6f = {é Ll-j;c]j ;;(
d)6kyi=vk, €86 = oy’ Dgm= 0y and ) 5]'}’] = 1.
The metric tensor, Cartan’s connection parameters and Berwald’s connection parameters are
symmetric in their lower indices and they are positive homogeneous of degree zero in the
directional arguments.
Berwald’s covariant derivative of the vectors y' and y; vanish identically, i.e. [15]
(1.6) a) B,y'=0 and b) By y; =0
The Cartan's fourth curvature tensor jikh and Cartan's third curvature tensor R}'kh are skew-
symmetric it their last two lower indices and satisfy the following relations
(L.7) @) Hin = Kjn ¥’ = Rjgn ¥’ B) Kjen = Rjxn, — CjsHin @nd - ) Rjng’* =Ry, .
The torsion tensor H., , deviation tensor H. and torsion tensor Cjik satisfy the following
relations
(1.8) @) Hipy*=H,, b)Hy;=0 and c)Chy/ =0.
A Finsler space whose Berwald connection parameter G, is independent of y'is called an
affinely connected space (Berwald space). Thus, an affinely connected space is characterized
by one of the equivalent conditions [14]
(19) @) Brgi; =0 and b) B, g/ = 0.
Let us explore a generalized BK —fifth recurrent Finsler space satisfying the relations [9]
(1.10) BquBanBijikh = asqlanjikh + bsqlnm(é‘iilgjk - 6Iic gjh)
- qulnm(6fi_lcjkn - 611; thn) - dsqlnm(é‘filcjkl _ 6;; thl).
- esqlnm((sillcjkq - 6Il< thq) __ qulnmyrBr(fg}lijks _ 6Ilc ths) .
(1-11) BquBanBmHll;h = asqlanIlch + bsqlnm(5llzyk - 5Ilcyh) '
(1.12) BquBanBmell = asqlanflL + bsqlnm(é‘}lIF2 - yiyh) .
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(1-13) BquBanBmR}kh = asqlnmR}kh + bsqlnm(afllgjk - 612 gjh)
- qulnm(aii_lcjkn - SIlc thn) - dsqlnm(grilc}kl _ 6}2 thl)_
- esqlnm(afllcjkq - SIlc thq) - qulnmyrBr(6;LC}ks - 6;( ths) :

If and only if
(1.14) BquBanBm(C}tHIEh) - asqlnm(C}tngh) = 0.
Taking the Lie-derivative of both sides of [(1.5)d] and using [(1.5)c] when i # j , we get
(1.15) L,yx =0.
Taking the Lie-derivative of both sides of [(1.5)a] and using (1.15) and (1.4), we get
M-projective curvature tensor collineation along a vector field v*(x) satisfied the relation
(1.17)  L,Wj, =0.
The M- prOJectlve curvature tensor ]kh is given by [7]
(1.18) M/]kh = ( 10k — Rinbi + gjRf, — g}thlc ).
By applying (1. 3) on the Cartan s fourth curvature tensor K, and h(v) —torsion tensor Hij,,
using [(1. 6)a] and [(1.5)e, c] when r #m, we get
(1.19)  LyKjp = v™BpKhn- K Bmv' + Kin Biv™ + Kl Biv™ + K Bav™
and
(1.20) L H, = v™B,Hy- HM B, vt + H.,, Bv™ + HL,, B,v™ , respectively.
Taking the Lie-derivative of both sides of [(1.7) a], we get
(121)  LyHin = Ly Kjin ' -
Using (1.4) in above equation, we get
(122) Ly Hip = y/Ly Kjy, -
Using (1.19), [(1.7) a] and (1.4) in above equation, we get
(1.23) LyHip = v"ByHip- HEBimv' + Kin Biv™y? + HLypBev™ + Hip Bpv™
In view of (1.23) and (1.20), we get
(124) KLBjv™y/ =0.
Using [(1.6)a] in above equation and since K}, # 0 and y/ # 0, we get
(1.25) By™ =

The main objective of this paper is studing of the M-projective curvature tensor in GBK —
5RE,. By utilizing the Lie-derivative, we are able to derive new identities and relations that
provide deeper insights into the geometric properties of GBK — 5RE,.

2. A Lie-derivative of M-projective curvature tensor in GBK — 5RF,,

Let us explore a generalized BK —fifth recurrent space that Cartan’s fourth curvature
tensor Kj, is defined as (1.10). Taking the Lie - derivative of both sides of (1.18) and using
[(1.5)c], we get

—_— . 1 . .
(21) LW = LyRjxp — gLv(gij}lz — gjnR}).
By applying (1.3) on the M-projective curvature tensor I/T/jl}(hand Cartan's third curvature tensor
Rfp, Using the result equations and (1.25) in (2.1), we get
22) V"B Wiy = v™BimRin
if the tensor gij,il is symmetric in its two lower indices h and k.
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Taking Berwald covariant derivative of fourth order for (2.2) with respect to x™, x!, x9 and x%,
using (1.25) and since v™ = 0, we get '

(23)  BsByBByBWiin = BsByBiByBmR}ir .

if

(24)  gjxRy = gjnRk -

Thus, we conclude

Theorem 2.1. In GBK — 5RF,, the Berwald covariant derivative of fifth order for M-
projective curvature tensor Wj,, and Cartan's third curvature tensor Ry, are equal if the

tensor gij,il is symmetric in its two lower indices h and k.

Using [(1.5)c] in (1.13) and using the result equation in (2.3), we get
(2.5) BsTBquTBanVlekh = asqlnmRJ!kh '

Let as assume _jl}(h = Rjyn , then above equation can be written as

(2.6) BquBanBmVT/jgch = Osqinm _jgch '
Thus, we conclude _
Theorem 2.2. In GBK — 5RE, , the M-projective curvature tensor VT/jﬁch behaves as fifth

recurrent if it equals Cartan's third curvature tensor jikh [provided (1.14) and (2.4) hold].

Using [(1.7)b] in (2.1), we get
— . . . 1 . .

(2.7) LvVlekh = Lijlkh + LvC;sHlih - gLv(gijlll - gthllc )
By applying (1.3) on the M-projective curvature tensor _ﬁch, Cartan's fourth curvature tensor
K., and tensor C]:"SH,ih  then using  the result equation (1.25) in (2.7), we get
(2.8)  v"ByuWin = V" BrKjin ,
if and only if
(29)  Bu(CiH) =0.
Taking Berwald covariant derivative of fourth order for (2.8) with respect to x™ ,x!, x? and
x®, using (1.25), we get _
(210)  ByB,B;ByByWiks, = BsByBiByBnKiyn.
Thus, we conclude
Theorem 2.3. In GBK — 5RE,, the Berwald covariant derivative of fifth order for M-projective
curvature tensor W;;,, and Cartan's fourth curvature tensor K, are equal [provided (2.4) and
(2.9)hold].

Using [(1.5)c] in (1.10) and using the result equation in (2.10), we get
(2.11) BquBlBianVV]:lkh = asqlanjlkh '
Let as assume Wy, = K, , then above equation can be written as

(2.12) BquBanBmVT/jl}ch = Asqinm _jgch '
Thus, we conclude _
Corollary 2.1. In GBK — 5RE, , the M-projective curvature tensor I/T/j‘kh behaves as fifth

recurrent if it equals Cartan's fourth curvature tensor jikh [provided (2.4) and(2.9) hold].
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Using (2 4) in (2.7), we get
(213) L, th =L, th +L, C‘ Hip, -
Using (1.3) and (1.25) in above equatlon we get
(2.14) B, ]kh = Bm ]kh + B Cl Hip, .
Multiplying above equation by yJ , using [(1.6)a], [(1.7)a] and [(1.8)c], we get
(215) Bn(Wjkny’) = BnHyp -
Taking Berwald covariant derivative of fourth order for (2.15) with respect to x™, x!, x? and
x°, we get o _
(2.16)  BsByBiBnBm(Wjiny’) = BsBqBiBnBmHicn -
Using (1.11) and [(1.5)c] in above equation, we get
(217)  ByByBByBu(Wieny’) = asqumHicn.
Let as assume W; khyf Hy,;, , then above equation can be written as

(2.18) BquBanBm(VT/jgchyj) = asqlnm(VT/jgchyj) '
Thus, we conclude '
Theorem 2.4. In GBK — 5RE, , the tensor ( VT/jlkhyf) behaves as fifth recurrent if it equals

the h(v)-torsion tensor H.,.

Multiplying (2.16) by yk usmg [(1.6)a] and [(1. 8)a] we get
(2.19)  ByByBByBu(Wiiny'y*) = BBy B BB Hi, .
Using (1.12) in above equation, we get
(2-20) BquBanBm(VT/jgchyjyk) = asqlan}iL J
if and only if
(2.21) bsqlnm(é"fiLF2 - yiyh) = 0.
Let as assume lekhyjyk = H} , then equation (2.20) can be written as

(2-22) BquBanBm(VT/jgchyjyk) = asqlnm (VT/jl}chyjyk) ’
Thus, we conclude '
Theorem 2.5. In GBK — 5RE, , the tensor ( I/T/jlkhyfyk) behaves as fifth recurrent if it equals

the deviation tensor H}, [provided (2.21)holds].

Let the tensor g th,i( is skew-symmetric in its two lower indices h and k, then the equation
(2.1) can be written as
(2.23) LvVlekh = LvR]!kh - EL‘U(gijfll) .
Using (1.3), (1 25) and (1. 16) in above equation , we get
1 .
Using [(1.7)c] and [(l 9)b] in above equation, we get
1 . .
(2.25) B ]kh = BnR; jkn T 3 Yjk g]kBmR]l'kh .
Using [(1.5)c,b] in above equation we get
(2.26) B, jlkh =(1- ) B R]kh
Taking Berwald covarlant derivative of fourth order for above equation with respect
tox™, x!, x? and x5, we get
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(2.27) BBy BiByBnWiin = (1 =3 )BsByBiBnBnRjin

Which can be written as

(228) BB BB, By (Win — (1 — 2R, = 0.

Thus, we conclude

Theorem 2.6. In GBK — 5REF, , the Berwald covariant derivative of fifth order for the
tensor(_j‘}m (1- )R]kh) is vanishing if the tensor gth,i is skew-symmetric in its two
lower indices h and k.

Now, using (1.17) in (2.1), we get
. 1 . .

(229)  LyRj, — ZLo(gjiRh — gjnRi ) = 0.
Multiplying above equation by y/, using (1.4), [(1.5)a] and [(1.7)a], we get
(2-30) LvHItth = ELU(ykall - thIlc ) .
Using (1.15), (1.3) and (1.25) in above equation, we get
(2.31) BmHIlch = g(kamR;z - ythRllc ) .
Taking Berwald covariant derivative of fourth order for above equation with respect to
x™, x!, x2 and x5, and using [(1.6)b], we get
(232)  ByByBiBuBHin = BByBiB By | = (ViR — yaRL) |
Thus, we conclude
Theorem 2.7. In GBK — 5RE,, the Berwald covariant derivative of fifth order for
h(v) —torsion tensor H:, and the tensor [%(ykR,il —ynRL )] are equal if the M-projective
curvature tensor collineation along a vector field v(x) .

Using (1.3), (1. 25) (1.16) and [(1.5)f] in (2.29), we get
(233) By ;kh ( iYkBm Rh ])’hB Rk ) =0.
Multiplying above equatlon by v/, using [(1.5)]], [(1.6)a] and [(1.7)a], we get
(2.34) BmHIlch - g(kamell - ythRllc ) =0.
Multiplying above equation by y; , using [(1.8)b], we get
1 . .
(2-35) yi[g(kamRill - ythRllc )] =0.
Which can be written as .
(2.36)  ykBmRp — ynBmR, = 0.
Taking Berwald covariant derivative of fourth order for above equation with respect to
x™, x!, x?and x°, using [(1.6)b], we get '
(2.37) BquBanBm(ykR}lz) = BquBanBm(thIlc ) .
Thus, we conclude
Theorem 2.8. In GBK — 5RF,, the Berwald covariant derivative of fifth order for the the
tensor (v, R},) is symmetric in its two lower indices h and k if the M-projective curvature tensor
collineation along a vector field vi(x).

In view of [Theorem 2.7] and [Theorem 2.8], we get
(2.38) BB;B,B,BnHiy, =0.
Thus, we conclude
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Corollary 2.2. In GBK — 5RF,, the Berwald covariant derivative of fifth order for
h(v) —torsion tensor Hy,, is vanishing if the M-projective curvature tensor I/T/jﬁch collineation
along a vector field v!(x)[provided (2.37)holds].

In view of [Theorem 2.1] and [Theorem 2.3], we get
(2.39) BBy BiBnBn }kh = BquBanBijlkh ’
Thus, we conclude
Corollary 2.3 In GBK — 5RF,, the Berwald covariant derivative of fifth order for the Cartan's

third curvature tensor R}kh and the Cartan's fourth curvature tensor K, are equal [provided
(2.4) and (2.9) hold].

3. Conclusions

This paper established new identities of the Lie derivative for the M-projective curvature
tensor _jl}ch in generalized fifth-order recurrent Finsler spaces. The authors established
conditions under which the Berwald covariant derivative of fifth order for the M-projective
curvature tensor _j‘}ch, Cartan's third curvature tensor R}kh and Cartan's fourth curvature tensor

K}kh are equal. We proved that the M-projective curvature tensor I/T/}‘kh the tensors I/T/j‘}(hyf
and VT/j‘}chyjyk behave as a fifth recurrent under specific conditions. Also, we introduced
relationships between some tensors when the M-projective curvature tensor _j‘}(h IS

collineation along a vector field v!(x). The Berwald covariant derivative of fifth order for the
subtraction two tensors is vanishing under certain condition has been obtained.

This study advances our understanding of the Lie derivative's role in generalized fifth-order
recurrent Finsler geometry, opening avenues for future research.
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